Abstract. We study the behavior of the variational eigenvalues of the pLaplace operator, with homogeneous Dirichlet boundary condition, when p is varying. After introducing an auxiliary problem, we characterize the continuity answering, in particular, a question raised in [18] .
Introduction
Let Ω be a connected and bounded open subset of R N and let 1 < p < ∞. The study of the nonlinear eigenvalue problem has been the object of several papers, starting from [17] , where it has been proved that the first eigenvalue is simple and is the unique eigenvalue which admits a positive eigenfunction. Alternative proofs and more general equations have been the object of the subsequent papers [3, 4, 14, 15, 20, 21] , while the existence of a diverging sequence of eigenvalues has been proved under quite general assumptions in [21, 24] . If we denote by λ (1) p the first eigenvalue of (1.1) and by u p the associated positive eigenfunction such that Ω u p p dx = 1 , a challenging question concerns the behavior of λ (1) p and u p with respect to p. As shown in [18] , about the dependence from the right one has in full generality are true under some further assumption about ∂Ω. A counterexample in the same paper [18] shows that otherwise in general they are false. A related question concerns the equivalence, without any assumption on ∂Ω, between the two assertions. In [18] it is proved that, if 
p , while the converse is proposed as an open problem. Subsequent papers have considered more general situations (see [10, 11] ), but the previous question seems to be still unsolved (see also [19] ).
The main purpose of this paper is to introduce an auxiliary problem which allows to describe the behaviour of λ 
p . In particular, in Corollary 4.4 we give a positive answer to the mentioned open problem.
We also consider the dependence on s of the full sequence (λ 
The convergence of λ (m) s has been already studied in [6] , under the Γ-convergence of the associated functionals. More specifically, in [22] it has been proved the continuity of λ (m) s with respect to s, provided that ∂Ω is smooth enough.
The first eigenvalue with respect to a larger space
Throughout the paper, Ω will denote a bounded and open subset of R N . No assumption will be imposed a priori about the regularity of ∂Ω. We will also denote by L N the Lebesgue measure in R N . If u ∈ W 1,p (Ω), the condition "u = 0 on ∂Ω" is usually expressed by saying that u ∈ W 1,p 0 (Ω). If ∂Ω is smooth enough, this is perfectly reasonable; if not, other (nonequivalent) formulations can be proposed. In the line of the approach of [18] , if 1 < p < ∞ we set
Proposition 2.1. The following facts hold:
(Ω) equivalent to the one induced by 
Assertion (c) follows from the fact that
is independent of Ω (see e.g. [25] ).
If p > N and u ∈ W 1,p− 0
(Ω), we haveû ∈ C(Ω) ∩ W 1,p (Ω) withû = 0 on ∂Ω. It follows thatû ∈ W 1,p 0 (Ω) (see e.g. [5, Theorem 9.17] , where the proof of (i) ⇒ (ii) does not use the regularity of ∂Ω), whence assertion (d).
Assertion (e) is taken from [11, Theorem 2.1].
Let us point out that the counterexample in [18] shows that W 1,p− 0
(Ω) can be strictly larger than W 1,p 0 (Ω) in the case 1 < p ≤ N (see also the next Remark 3.3). Now we set
It is easily seen that also the infimum defining λ
p is achieved and we clearly have
p .
More precisely, there exists
According to [17, 18] , if Ω is connected we also denote by u p the positive eigenfunc-
In the next result we will see that something similar can be done with respect to the space W 1,p− 0
(Ω).
Theorem 2.2. If Ω is connected, the following facts hold:
(a) there exists one and only one u p ∈ W 1,p− 0
(Ω) such that
is a vector subspace of W
p and u = t u p for some t > 0. Since the proof follows the same lines of [17] , we pospone it to the Appendix.
3.
Behavior from the left of the first eigenvalue
It follows
For every u ∈ W 1,p− 0
(Ω), the function
On the other hand, in [18, Remark p. 204] it is proved that s λ
and the argument does not require Ω to be connected. We conclude that s λ
For the sake of completeness we have also recalled the other (easy) inequalities.
Now we can prove the main result of this section.
If Ω is connected, we also have
Proof. By Proposition 3.1 it is clear that
(Ω) with
and let 1 < t < p. In particular, it holds
Up to a subsequence, we have p k > t and (v k ) is weakly convergent to some u in W Moreover, it holds
and, for every s < p,
By the arbitrariness of s, we infer that u ∈ W 1,p (Ω), hence u ∈ W 1,p− 0
(Ω), with 
in that case we have λ
(Ω). Now we aim also to describe the behavior as s → p − in the terms of the variational convergence of [1, 7] . (b) for every u ∈ X there exists a sequence (u h ) converging to u in X such that
Theorem 3.5. For every sequence (p h ) strictly increasing to p, with 1 < p < ∞, it holds
Proof. Define, whenever 1 < s < ∞,
Then f s , f s are lower semicontinuous and the sequences (f p h ), (f p h ) are both increasing and pointwise convergent to f p . From [7, Proposition 5 .4] we infer that
and the assertion easily follows.
Some characterizations
Without imposing any assumption on ∂Ω, we aim to characterize the fact that
Theorem 4.1. If 1 < p < ∞ and Ω is connected, the following facts are equivalent:
given by the next Theorem 7.1, belongs to W 
(Ω) satisfies
From (a) of Theorem 2.2 we infer that
(Ω) be the solution of (Ω) ,
Then let (z k ) and (Z k ) be two sequences in C ∞ c converging to z and Z, respectively, in
Since
If Ω is not assumed to be connected, it holds
In fact the same proof shows that
and it is obvious that (c) ⇒ (g).
On the other hand, let U be a bounded open set as in Remark 3.3, with W 
Proof. From Theorem 4.1 we infer that u p = u p . By Theorem 3.2 we conclude that [18] concerning the formulation of Lemma 3.12 in that paper.
Behavior from the right of the first eigenvalue
The next results are essentially contained in [18, 8] . We mention them for the sake of completeness.
Proof. The assertions concerning λ 
Proof. The assertion concerning E p h is proved in [8, Theorem 5 .3] when 1 < p < N , but the same argument applies to the other cases.
Behavior of higher eigenvalues
Let i be an index with the following properties:
(i) i(K) is an integer greater or equal than 1 and is defined whenever K is a nonempty, compact and symmetric subset of a topological vector space such that 0 ∈ K; (ii) if X is a topological vector space and K ⊆ X \ {0} is compact, symmetric and nonempty, then there exists an open subset U of X \ {0} such that K ⊆ U and i K ≤ i (K) for any compact, symmetric and nonempty K ⊆ U ;
(iii) if X, Y are two topological vector spaces, K ⊆ X \ {0} is compact, symmetric and nonempty and π : K → Y \ {0} is continuous and odd, we have
(iv) if X is a normed space with 1 ≤ dim X < ∞, we have
Well known examples are the Krasnosel'skiȋ genus (see e.g. [16, 23, 28] ) and the Z 2 -cohomological index (see [12, 13] ). More general examples are contained in [2] . If 1 < p < ∞, we consider Theorem 6.1. If 1 < p < ∞, for every m ≥ 1 we have
Proof. Taking into account Theorems 3.5 and 5.2, the assertions follow from the results of [6, 8] . Let us give some detail following the approach of [8] .
If we consider The converse is obvious.
Appendix
In this appendix we see that several well known properties of W (Ω) = W 1,p 0 (Ω) and the assertion is proved in [17] . Therefore assume that 1 < p ≤ N . If we set
w k = w + (1/k),ũ k = log u k andw k = log w k , we have
